The quench dynamics of topological phases have received intensive investigations in recent years. In this work, we prove exactly that the topological invariants for both Z and Z2 indexes are independent of time in symmetry preserving dynamics. We first reach this conclusion by a direct relation between the time derivative of Berry connection and the Hamiltonian energy based on the time dependent Hellman-Feynman theorem, with which we show exactly that the topological indexes for systems without and with time reversal symmetry are unchanged during evolution. In contrast, the geometry phase without symmetry protection in a closed parameter space can change dramtically with time, as revealed from the parameterized Landau-Zener model. Then we interpret this result by showing that the time dependent wave function is essentially the eigenvector of an auxiliary Hamiltonian, which has exactly the same spectra and symmetries as the original Hamiltonian. For this reason, the adiabatic evolution between the original and auxiliary Hamiltonian will not lead to gap closing and reopening, thus the topological indexes are independent of time. This result has generality and can be applied to models with other symmetries and dimensions, and may even be applied to gapless phases. Finally, possible ways to outreach this rigorous result are discussed.
Topological phases have become one of the most thriving research fields in recent years. These topological phases are characterized by integer indexes and support topological protected edge modes at the boundaries and defects. In these phases, the topological insulators, which may have important applications in spintronics and other quantum devices [1] [2] [3] [4] , have already been realized in a lot of solid materials; see a recent review in Ref. [5] . These materials are protected by time reversal symmetry (TRS), and are characterized by Z 2 index in two dimensions and Z index in three dimensions [6] [7] [8] . Topological superconducting phases protected by the intrinsic particle-hole symmetry (PHS) in the Bogoliubov-de Gennes formulism [9] have also been widely investigated. This system has the potential to realize Majorana zero modes at the ends or vortex cores [10] [11] [12] . The topological indexes, similar to topological insulators, also depend strongly on the dimensions and symmetries. In recent years, several experimental groups have reported strong evidences for existence of Majorana zero modes in spin-orbit coupled systems in proximity to s-wave superconductors [13] [14] [15] [16] [17] [18] . In ultracold atoms, the spinorbit coupling, which is the key ingredient in topological phases, have also been realized in alkali and rare-earth atoms using different methods [19] [20] [21] [22] [23] . These achievements shed great light on the realization of topological quantum computation with these protected excitations.
With these progresses, it is quite natural to explore the dynamics of topological phases. These systems provide an excellent opportunity to explore the dynamics of discrete values under continuous evolution. In Ref. [24] , Dong et al show that the Chern number is not changed during time evolution process in a four-band spin-orbit coupled topological superfluids. More rigorous conclusions are presented in Refs. [25] [26] [27] based on two-band models. In Ref. [25] , the dynamics of the wave function is mapped to a vector rotating around an effective magnetic field in momentum space, and the Skyrmion number is proved exactly to be time independent. In Ref. [27] , the non-equilibrium response in a two-band model is calculated, which is also independent of time. However, the edge modes and corresponding currents may carry information about the topological phase transitions. In Ref. [26] , Wang et al even point out the intimate relation between linking number and the topological indexes of the quenched Hamiltonian, which has recently been experimentally verified [28] . All these results have a common feature, that is, all models are considered in two spatial dimensions without TRS. However, since the topological indexes are impossible to be changed continuously, this conclusion may be quite general, that is, it may be generalized to models with other symmetries and dimensions [6] [7] [8] , which is the major motivation of this work. In regarding of the unprecedented experimental flexibility in ultracold atoms in the realization of different physical models [19] [20] [21] [22] [23] [29] [30] [31] [32] [33] [34] [35] [36] [37] , including the topological models [19] [20] [21] [22] [23] and the dynamics of many-body states [38] [39] [40] [41] [42] , the dynamics of topological phases should be able to reveal some more intriguing features that not seen in topological trivial phases.
In this work, we explore the dynamics of topological indexes during symmetry preserving process in some more general models with and without TRS. We show that these indexes are independent of time. This conclusion is related to that in quantum Hall states [43] [44] [45] [46] [47] and topological superconducting phases [11, 48, 49] without TRS, which are characterized by Z index; and in systems with TRS such as topological insulators [50] [51] [52] [53] [54] , which are characterized by Z 2 index [55] . We establish this generic conclusion using the time dependent Hellman-Feynman theorem [56] [57] [58] , in which the time derivative of Berry connection is directly related to change of Hamiltonian energy. We reach this conclusion by direct calculation of the topological indexes. In contrast, the geometry phase in a closed loop in parameter space may change dramatically with time, which is demonstrated by a parameterized Landau-Zener model. Next, we show that the time dependent wave function is the eigenvector of an auxiliary Hamiltonian, which has the same spectra and symmetries as the original Hamiltonian. For this reason, the adiabatic evolution between the auxiliary Hamiltonian and the original Hamiltonian will not involve gap closing and reopening, thus the topological indexes are independent of time. The latter picture naturally extends our conclusion to more general models with different dimensions, symmetries and topological indexes, and even for topological gapless phases. Finally, we discuss the applicability of our result and the possible ways to outreach the rigorous result.
We start from the following generalized HellmanFeynman theorem [56] [57] [58] .
For the time dependent Schrödinger equation (λ serves as parameter space),
the Berry connection with respect to parameter λ at time t is defined as
The dynamics of this connection is defined as,
Inserting the Schrödinger equation into the above equation, we immediately obtain the following key result,
We can recover the static Hellman-Feynman theorem for a time independent Hamiltonian by setting |ψ(λ, t) = |ψ(λ) e −iE λ t , with which the Berry connection is reduced to A(λ, t) = ∂E λ ∂λ t + i ψ(λ)|∂ λ |ψ(λ) , and the right hand side of Eq. (4) becomesȦ(λ, t) = ∂E λ ∂λ . We define the right band side of Eq. 4 as Hamiltonian energy throughout this work, since it is related to the change of energy of the Hamiltonian. This quantity is gauge invariant for time independent gauge potential. In following, we denote this energy as ǫ λ for convenient, that is, A(λ, t) = ǫ λ . Obviously, in the adiabatic limit, ǫ λ = ∂E λ ∂λ , the dynamics of geometry phase along a closed loop follows exactly,γ
Dynamics of geometry phase γ. We first present some exact results for the dynamics of topological indexes, which reveals some beautiful mathematical features concealed in the topological indexes. Then, we will try to understand the exactly results in a more generic way, from which these exact results can be extended to more general models with other dimensions and symmetries. Let us first consider the dynamics of geometry phase, which has geometric interpretation, but does not protected by any symmetry. Thus the geometry phase can take any value in a close loop in parameter space. We consider the following parameterized Landau-Zener model,
The wave function for λ ∈ [0, 2π) can be written as,
where (a, b) T is the solution of the standard LandauZener model [59] [60] [61] , H LZ = vtσ z + gσ x , with,
thus the geometry phase should be time dependent.
With the exact expression in the Landau-Zener model for |ψ(t → −∞) = (1, 0) T , we have lim t→+∞ γ(t) = 2π(1 − e −πg 2 /v ), which reduces to Eq. 5 in the adiabatic limit with v → 0. However, when t ∼ 0, the coupling between the two bands can lead to strong oscillation for geometric phase γ(t) and its time derivative γ ′ (t) = 4πg Im(b * a). This is different from the condition when the geometric phase is quantized by introducing some extra symmetries to the Hamiltonian, in which case γ(t) = 2πn, n ∈ Z. The evolution of this number can be rewritten as
Here we assume ǫ λ = ∂E λ ∂λ . Notice that the right hand side is always a continuous function of t for a smooth quench process. Let supp( |ǫ λ |dλ) = M < ∞, then we may always find a sufficient small δt to ensure that |γ(t + δt) − γ(t)| ≤ Mδt < 2π, for which reason discrete jump of the geometric phase between two discrete values is not allowed. This result presents an intuitive picture to understand the dynamics of topological invariants during continuous evolution. More generic way to this result will be presented below.
Dynamics of Z index. We turn to the dynamics of Chern number in two spatial dimensions for systems without TRS. The typical candidates include integer quantum Hall states, anomalous quantum Hall states [43] [44] [45] [46] [47] , and topological superconducting phases [11, 48, 49] . In following, we consider the physics in an square lattice with lattice constant a = 1. We set the parameter λ to k = (k x , k y ), and drop the band index n for simplicity. Our consideration is that, since the index is invariant in each band, it should be invariant in the whole system after summation of contribution from all occupied bands. The typical Brillouin zone (BZ) is presented in Fig. 1a , and the Chern number in this closed torus is defined as,
Using the time dependent Hellman-Feynman theorem in Eq. 4, we find
In above equation, ǫ x (k x , π, t) = ǫ x (k x , −π, t) since |ψ n (k x , π, t) and |ψ n (k x , −π, t) are the same physical state due to the periodicity of the reciprocal momentum space, which can at most differ by a global phase, i.e., |ψ n (k x , π, t) = exp[iθ x (k x )]|ψ n (k x , −π, t) . This phase will not enter the Hamiltonian energy due to its gauge invariant in Eq. 4. The same analysis holds for ǫ y (π, k y , t) = ǫ y (−π, k y , t), thus the above result should be exactly equal to zero. Notice that the above analysis is quite similar to the analysis of the integer property of Chern number [62, 63] . The only difference is that for Berry connection, the periodicity in momentum space ensures that the Berry connection may differ by 2πn, where n ∈ Z, between the two equivalent points. In our model only n = 0 is allowed. Obviously, this conclusion holds for arbitrary number of occupied bands, thus the Chern number for all occupied bands is independent of time. In this way, we generalize the conclusion in Refs. 24, 25, and 27 to arbitrary bands. Dynamics of Z 2 index. The topological Chern number is defined in systems without any symmetry. However, symmetries, such as TRS, PHS and chiral symmetries etc, are important and essential in the characterization of different topological phases. Here we mainly focus on the TRS, in which the topological index is reduced from Z to Z 2 . In the time evolution process, this index is well-defined only when the dynamical wave functions still respect TRS, that is,
where σ =↑ (↓),σ =↓ (↑). In above, the TRS operator is defined as T = u T K, where K is the complex conjugate and u T is an unitary operator, i.e., u T u †
In this way, the quenched Hamiltonian no longer possesses TRS. This constraint is similar, but different from the PHS, since u T = σ x . Notice that our consideration here is different from that in previous literatures, where the TRS can only be well defined in one full modulating period. For instance, in Refs. [64] [65] [66] , the topological Z 2 in periodically modulating systems is constructed in different ways to recover the TRS. The similar consideration should be taken into account seriously for models with chiral symmetry. Our definition of H k (t) ensures the definition of Z 2 index in any quench process, not limited to periodic modulation. We understand the invariant of this index from two different levels. The minimal model with Z 2 index should be at least a four-band model, such as the Bernevig-HughesZhang model [52, 67] , which can be written as
The whole system still respect the TRS, although each block does not. In each block we can define the corresponding Chern number C σ (t) for σ =↑, ↓. The TRS ensures that C ↑ (t) + C ↓ (t) = 0 due to the properties of wave function in Eq. 12. The Z 2 index is defined as (2)[55], thus C 2 (t) is independent of time from Eq. 11. With this result in mind, we next move the more general models without the above special feature. In this case, the topological index is defined as [55, 68] ,
where the integration is performed over a half BZ, B − = [−π, π] ⊗ [−π, 0], and its boundary ∂B − ; see Fig. 1b . Eq. 12 ensures that the two wave functions with opposite momenta should have opposite Berry connection, thus the integration of Berry culvature F over the whole BZ should be exactly equal to zero, similar to that in the static Hamiltonian. In above equation, the first term counteract the effect of boundary in the half BZ. With the similar techniques in Eq. 11, we find (16) and
The periodicity in Hamiltonian energy in k x direction means ǫ y (π, k y ) − ǫ y (−π, k y ) = 0. The other two terms with contribution from the bulk and boundary are exactly cancelled from Eqs. 16 and 17, we immediately find,
This proof is independent of the number of bands involved, thus this conclusion is also valid for arbitrary number of bands. Interpretation of this result and generalization to other dimensions and symmetries. The above proofs reveal the beautiful mathematical features in the topological indexes. These structures can be used to study the dynamics of other topological invariants, such as Hopf links and knots [69, 70] , linking numbers [26] and higher dimensional non-Abelian topological indexes [71] , which are also independent of time. Eq. 9 provides an intuitive picture why continuous change can not lead to discrete jumps. Now, we try to seek a more fundamental interpretation of this result. Let |ψ 0 n (k) being the eigenvector of
We can define the wave function at any time t via the transformation |ψ n (k, t) = U k (t)|ψ 0 n (k) . This new instantaneous wave function can be regarded as the eigenvector of the following auxiliary Hamiltonian,
where 
This result indicate that asking the topological invariant of the instantaneous wave function at time t is equivalent to ask the question of topological invariant of the auxiliary Hamiltonian (see Fig, 2 ). Since the band structures and symmetries for H 0 k and H a k are exactly the same, the adiabatic transition from the original Hamiltonian and the new Hamiltonian does not involve the gap closing and reopening, thus the topological index should be independent of time. The same analysis can be applied to study the topological invariants with chiral symmetry. This proof is rather general, and can be applied to understand the topological indexes in other dimensions. Our conclusion may also be true for gapless phases, and even for the many-body systems in which some of the parameters need to be solved self-consistently [24] .
In these two Hamiltonians, the relation between the Berry connection can be written as, (20) where A(k) and A(k, t) are the initial and final Berry connections. Take the time derivative to the above expression will direct yields Eq. 4. The general conclusion in this work means that A(k, t) can be smoothly connected to A(k) since they belong to the same phase. Let U k = exp(iθ k ), then A(k, t) = A(k) − ∂ k θ k , which is just the Abelian gauge potential. Although this term will not change the topological index, it will change the Berry curvature and the associated semiclassical trajectories [72, 73] .
Discussion and remarks. Finally, several remarks about these results in this work are in order:
(i) In the calculation of time dependent topological indexes, sudden jumps of topological indexes may be encountered in the long-time dynamics [74] . This artificial result arises from the fact that any two initial wave functions with slightly different momenta, after long time dynamics, can become totally different and even orthogonal. In this case, the approximations in the calculation of topological indexes are no longer valid [68, 75, 76] . That means, in the long time dynamics, a much denser discretization of the parameter space is required to obtain the correct index. Although the topological indexes are unchanged, signatures from the edge modes still allow us to explore the intriguing dynamical physics across the topological phase boundaries. For example, we may found that the zero-energy edge modes can oscillate periodically between the two edges in a clear Kitaev chain [74] , however, this phenomena is quite fragile, and the edge modes will quickly merge to the bulk bands up on weak disorder.
(ii) This conclusion does not mean that it is impossible to transfer a topological state to a trivial state. Two possible strategies can be used to achieve this goal. Notice that all our analysis depends strongly on the unitary transformation and the auxiliary Hamiltonian with the same symmetries as the original Hamiltonian. In the first case, the unitary feature can break down in the presence of dissipation [77, 78] . In the latter case, topological phase transitions even in the adiabatic limit without gap closing can be realized, if the time dependent wave functions violate some of the symmetries [79] . These two cases are beyond the scope of this work.
(iii) For the static Hamiltonian problem, the topological indexes can be generally computed using Green's function approach, which is more widely used in literatures [71, 80] . With the auxiliary Hamiltonian, it is possible to construct the instantaneous Green's function as G = n (iω − ε n (k)) −1 |ψ n (k, t) ψ n (k, t)|, with which it is possible to investigate the dynamics of topological indexes with many-body interactions [80] .
To conclude, we demonstrate that the topological indexes during symmetry preserving dynamics are independent of time. We understand this general result from different angles. Different from the previous literatures, here, this conclusion has generality and can find wide applications in investigating the quench dynamics of different topological models.
